Math Camp 2025, UCSB
Instructors: Camilo Abbate and Sofia Olguin

This problem set will help you review the key concepts from the course so far. You are
asked to submit this assignment using IATEX or Rmarkdown. The purpose is to give you an
opportunity to use A TEX and R Markdown if you haven’t. Please have only one member in
your group send an email to both instructors by the due date with other members cc’ed in
the email.

1. Consider the following matrices:

2 0
A:La 8] B

i

(a) Check (AB)T =BT AT.
(b) Check (AB)!=B"1A"1
(¢) Check (A7)t = (A HT.

2. Let A and B be n x n matrices, where n is a positive integer (n > 1). Prove whether
the following is true or false:
det(A+ B) = det(A) +det(B)

3. For each function below, determine whether it is convex or concave using its Hessian
matrix.

(a) flz,y) =—2" —y’ +ay+22—y
(b) gla,b,c) = 3a®+2b> + c? — 2ab+ 2bc — 6a — 4b — 2c

4. Let X be a n x k matrix with rank(X) = k(n > k). An annihilator matrix Mx is
Mx =T, - X(XITX)~"1xT,
Show that Mx is symmetric and idempotent. Clarify which property you are using in

each step.

5. Find the eigenvalues and eigenvectors of the following matrix. Normalize the norm to

one.
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6. Express the following terms
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into quadratic forms using the following notations:

M 0 - 0
/ ) 0 X -+ 0
w:=[uy - u,l, X:=0"Z,, and A:=| . )
0 0 An
7. Consider the following regression equation where n > k:
yi =P+l + -+ Tik—10k—1+ Br tui Vi=1,--.n
:XZ‘T,B—FUZ‘ Vi=1,---,n
We can rewrite this as a matrix equation
y=XpB+u
where
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(a) Check the following: XTX =Y "x;x] and X7y =" x;u;.
i=1 i=1

(b) Assume that rank(X) = k. We derived 8 = (XTX)"*X”y in class. Show that
1 AR
(XTX)"'XTy = ( ZXiX;TF> ( ZXiYi> -
i1 Miz1

(c¢) Show that
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(d) Let t:=y—Xp. Show that Zﬂ? = u? Mxu where Mx =T, — X(XTX)~1XT,
i=1
Note: You may start from 4 = (Mx)y = Mx(XB+u). You should be able to
find that @ = (Mx)u and then do 4.
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8. This is a problem using R.
Set up a function in R to determine the singularity of the matrix in each matrix
equation below. The function should automatically derive a solution if it is non-
singular, or should print “It does not have a unique solution” if a matrix is singular.
(use det() function to derive the determinants of matrices. You can use the command
solve() as well.)

(a)

1 -2 1| (x 0
0 2 =8| |zg| =138
—4 5 9 T3 -9
(b)
1 4 2| |z 1
2 5 1| |xo] = [-2
3 6 0f |z3 3



