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Topic 5: Continuity and Differentiability’
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CONTINUITY
Definition 1 (Continuity at a Point)

A function f: R — R is continuous at a point ¢ € R if:

lim f(x) = £(c)

Tr—c

Formally, this means: Ve > 0, 3§ > 0 such that | f(z)—f(c)| < € whenever 0 < |z—c| < 4.

Instructors: Camilo Abbate and Sofia Olguin. This note was prepared for the 2025 UCSB Math Camp
for Ph.D. students in economics. It incorporates materials from previous instructors, including Shu-Chen
Tsao, ChienHsun Lin, and Sarah Robinson.
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Let us compare this definition to the epsilon-delta definition of a limit. The difference in the
epsilon-delta definition is that we changed |f(x) — L| < € to |f(z) — f(c)| <e.

That is, we say that function f(z) is continuous at point ¢ if f(c) is exactly the L on the
epsilon-delta definition of a limit. This means there are no jumps, breaks, or holes at that

point c.
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Definition 2 (Continuity on an Interval)

A function f : R — R is continuous on an interval I C R if it is continuous at every
point ¢ € I.

Definition 3 (Continuity of a Function)

A function f : R — R is continuous on its entire domain if it is continuous at every
point in its domain.

Exercise 1

Determine whether the following functions f are continuous on [—1,1].

(1) f(z) =[]
(2) fx) =2’
-1 ifz<O
(3) f(x)=<10 ifx=0
if x>0

|| if x is rational

— otherwise

There are three important properties of a continuous function.

Theorem 1: Intermediate Value Theorem

If f: [a,b] — R is continuous on the closed interval [a, b], and L is any number between
f(a) and f(b) (min{f(a), f(b)} < L < min{f(a), f(b)}), then there exists at least one
¢ € [a,b] such that:

fle)=1L
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You know son, | used to | know howthe
be justas tall as you! intermediate value
7 theorem works, Dad

N\

THEJENKINSCOMIC

(Figure source: The Jenkins Comic).

Exercise 2

) 7

In fact, the information in the comic above is not sufficient to ensure the dad’s ”argu-
ment” to hold. There are some implicit conditions assumed.

Let f(t) be the mapping from time to the dad’s height. Let f(a) be the dad’s height at
birth, and let f(b) be the dad’s height now. Let L be the child’s height now.

We observe in the comic that L < f(b). Which other conditions do we need to guarantee
the statement that ”The dad used to be just as tall as the son”?

The intermediate value theorem may sound trivial, but note that we don’t need f to be
differentiable or monotone.

Theorem 2: Extreme Value Theorem

If f : [a,b] — R is continuous on the closed interval [a, b], then f attains both a maximum
and a minimum value on [a, b].

In other words, there exist points ¢, d € [a, b] such that:

fle) < f(z) < f(d) for all z € [a,b]
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The extreme value theorem is fundamental in optimization.

Exercise 3

Consider f(z) = (x — 1)

(1) Does f attain both maximum and minimum values on |
(2) Does f attain both maximum and minimum values on (0,
2 is violated?

2]?
?

0
2)? Which part of Theorem

)
Exercise 4

Consider

Does f attain both maximum and minimum values on [0, 1]? Which part of Theorem 2
is violated?

Theorem 3: Fixed Point Theorem

If f:]a,b] — [a,b] is continuous, then there exists at least one point ¢ € [a, b] such that:

fle)=c

The fixed-point theorem is fundamental in game theory. One of the most famous application
of the fixed-point theorem is the Nash equilibrium. We also use the fixed-point theorem to
derive the steady states in macroeconomics.
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1f)l:ru—Degree Line Representation of the Fixed Point Theorem
— fx)=5+%32 e

-—- y=x e

There is a corresponding fixed point theorem in R, which is called the Brouwer’s fixed point
theorem. The intuition is as followed: Imagine compressing a sponge ball inward. Then,
there will be at least one point inside the sponge ball that remains fixed.

The intermediate value theorem and extreme value theorem also hold in RY. Let’s define
the continuity in RY formally.

Definition 4 (Continuity at a point in R")

A function f: R™ — R™ is continuous at a point ¢ = (¢, ¢a,...,¢,) € R™if:
lim f(x) = f(c)
X—C

Formally, this means: Ve > 0, 3§ > 0 such that || f(x)— f(c)|| < € whenever ||x—c|| <.

Here, || - || denotes the Euclidean norm, which for a vector x = (1, xs, ..., 2,) in R" is
given by:

Il = /o + a3+t a2,

Definition 5 (Continuity on a Set in R")

A function f : R™ — R™ is continuous on a set S C R™ if it is continuous at every point
ceS.
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DIFFERENTIABILITY
Definition 6 (Difference Quotient)

Let f : R — R be a function. We define the difference quotient of f as follows:

f@) = f(@)

' —x

for any z,2" € X.

Intuitively, this quotient is the slope of f across the points x and z’.

If we make the two points extremely close, then the quotient becomes the slope at the point,
or the derivative.

Definition 7 (Derivatives)

Let f: R — R be a function defined on some open interval containing a point a.

The derivative of f at the point a, denoted by f’(a), is defined as the limit (if it exists):

oy e Jath) = fla)
f'(a) = lim -

h—0

Definition 8 (Differentiability)

A function f is said to be differentiable at a point « if the derivative f’(a) exists.

If f is differentiable at every point in an interval, we say that f is differentiable on that
interval.

Theorem 4: Differentiability implies Continuity

If a function f is differentiable at a point a, then f is continuous at a.

However, note that the continuity does not imply differentiability.
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Exercise 5

Determine if f(z) = |z| is continuous at x = 0. Determine if f(x) = |z| is differentiable
at x = 0.

Here are some derivatives for common functions.

(1) Constants: for any r € R,
fl@)=r = fl(z)=0.
(2) Powers of z: for any k € R\ {0},
flx) =2 = f'(z)=ka""

(3) Polynomial functions

(4) The exponential function:

f(z) =exp(z) = f(x) = exp(z).
(5) The natural logarithm function:

f(2) = log(z) = f'(x) =~

T

Theorem 5

Let f, g are defined on [a,b] and are differentiable at x € [a,b]. Then the functions
f+g, fg, and f/g are differentiable, and

(1) (f +9)(x) = f'(x) + ' (x);
(2) (f9)'(z) = f'(x)g(x) + f(z)g'(x);
(3) (i)' (2) = L20(0)_t) )

g g%(x)

We sometimes use the differential operator % to express the operation ”taking derivatives.”
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Hence, when f is differentiable,

If we define A as:
Az =1'—=, Af(x) = f(2) — f(z)

then the difference quotient can then be expressed as Aﬁ—(f). When we take the limit to the

difference quotient, it becomes the notation that we are familiar with, %.

When you take derivatives of the composite functions, you will need to apply the chain rule.

Theorem 6

Suppose f : X — Y is continuous on [a,b], f'(z) exists at some point z € [a,b], g is
defined on an interval I € Y, and g is differentiable at f(x).

Let h(z) = go f(z) = g(f(2)), then

Exercise 6

Find the derivative of the following functions.

There is a strong connection between derivatives and monotonic behavior.



UCSB FEcon Ph.D. Math Camp Summer 2025

Theorem 7

Suppose f is differentiable in the open interval (a,b). Then

(1) f is monotonically increasing if f'(x) > 0;
(2) f is monotonically decreasing if f'(z) < 0;
(3) fis a constant if f'(z) = 0.

LINEARIZATION

An application of derivatives is to approximate the function values around a specific point
(say, a). Let’s review the definition of derivatives of f at a. Linearization is used in macroe-
conomics where the functions of interest might not have analytical representation.

fla+h)— f(a)
h

f'(a) = lim

h—0

By rearranging the terms,

- f@)}=0

(L1021 = 1)

h—0

Define e(h) = w — f'(a), and note that limy,_,o£(h) = 0. We can rearrange the terms

in this definition of £(h) to have:
fla+h) = f(a)+ f'(a)h +e(h)h

Define x = a + h, then we have:

Hence we can loosely write
f(@) = f(a) + f'(a)(x — a).

With this process, we approximate f(x) with a linear function of the intercept of f(a) and
a slope of f’(a). This is called a linear approximation of f at a.

10
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HiGHER ORDER DERIVATIVES

Let g = %. If g is also differentiable, we can denote

y_ddf _ &f _

This function f” is called the second order derivative of f. The interpretation of f” is
the change in slopes. We can further define the higher order derivatives with the similar
manner, and we denote the k-th derivative of f with f*).

We say f is in the family of functions C* if the derivatives f’, f”....,f® exists and are
continuous. The function f is smooth or infinitely differentiable if for any k € N, f*)
exists, and we denote f € C*>.

TAYLOR’S THEOREM

Taylor’s theorem provides a way to approximate the function values around a specific point.

11
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Theorem 8

Let f : R — R be a function that is (n+ 1)-times continuously differentiable on an open
interval containing the point a.

Then, Vz in this interval, the function f(z) can be expressed as the Taylor polynomial:

1" (n)
fo) = f(@) + ) —a)+ Lo v s DD apr i,
where the remainder term R, (x) is given by the Lagrange form of the remainder:
_ f(n—l—l)(c) n+1
" (1) (z—a)

for some ¢ between a and z.

Exercise 7

Write out the Taylor polynomial of f(z) around point a, with n = 0.
Write out the Taylor polynomial of f(x) around point a, with n = 1. Compare it with
the linearization.

Suppose f(z) = z? and a = 1. Draw the above two Taylor polynomials.

When n = 0, the Taylor theorem is called the mean value theorem.

Theorem 9: The mean value theorem

Let f : [a,b] — R be continuous on [a, b] and differentiable on (a,b).

Then, there exists ¢ € (a,b) such that

ORI (LSS [

Here is an exercise for writing down a model and derive results using math tools.

12
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Exercise 8

The distance between downtown SB and UCSB is 10 miles. Suppose your friend tells
you it took them 7.9 minutes to drive from downtown SB to UCSB.

Define speeding as there exists at least one point in time such that the speed, which
exists in R, is greater than 75 miles per hour. Use the mean value theorem to prove
that your friend was speeding according to this definition.*

“Extension: What if your friend’s vehicle can teleport? Can we still prove that they are speeding
according to this definition? If not, which condition for the mean value theorem is violated?

L’HOPITAL’S RULE

L’Hopital’s rule is used to find the limit of a quotient of two functions when the limit results

in an indeterminate form, such as % or .

Theorem 10: L’Ho6pital’s rule

Suppose functions f and g are both differentiable on an open interval I containing c,
except possibly at ¢ itself.

If:

e lim, . f(z) =0 and lim,_,. g(z) = 0, or

e lim, . f(z) = £oo and lim,_,. g(x) = o0,

and the limit of their derivatives exists:

- fix)
Mg
Then, /
TGO O S

z=e g(z)  aoe g'(x)

13
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Exercise 9

1. Evaluate the following limit: lim,_,q % Find the limit if it exists.

2l Find the limit if it exists.

2. Evaluate the following limit: lim,

14
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Topic 6: Topology on Metric Space!

KEYWORDS FOR TODAY

FEuclidean space, [P space, open and closed ball, open and closed set, compact set,
Heine-Borel Theorem, convext set, convex and concave function, quasiconvex and
quasiconcave function, Jensen’s inequality, Cauchy-Schwarz inequality, Holder’s in-
equality, Minkowski inequality

METRIC SPACE

We studied the metric function last week, which measures the “distance” between
elements in a set. Let’s review the definition of a metric function:

Definition 1 (Metric Function and Metric Space)

Let X be a set. If there exists a metric function d : X x X — R satisfying
the following conditions:

(1) d(x,x) =0 for every x € X

(2) d(x,y) >0 foreveryx #y € X

(3) d(x,y) = d(y,x) for every x,y € X

(4) d(x,y) < d(x,z) + d(y,z) for every x,y,z € X

then (X, d) is called a metric space. We say that d is a metric on X.

The last property is also called triangle inequality.

For example, the set X can be X = R™. Then, there are several different metrics d
defined on R™ to form a metric space (R™, d). Among the metrics defined on R", the

nstructors: Camilo Abbate and Sofia Olguin. This note was prepared for the 2025 UCSB
Math Camp for Ph.D. students in economics. It incorporates materials from previous instructors,
including Shu-Chen Tsao, ChienHsun Lin, and Sarah Robinson.
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most commonly used on is the Euclidean distance.

Definition 2 (Euclidean Metric)

Let x,y € R". The Euclidean distance of x and y is defined as

dx,y) =[x —yllz = V(z1 = 1)> + (w2 — 12)> + -+ + (30 — yn)*

When X = R" and d is the Euclidean metric, we often call this metric space an
Euclidean space. However, Euclidean metric is not the only metric that can be
defined on R™.

Let’s see an example to illustrate the motivation of having metrics other than the
Euclidean metric. Let’s consider a network of individuals, where the ”distances”
between individuals are all identical. This modeling method motivates the following
metric space.

Exercise 1

Let X be any set, and x,y € X. Define

-
S T

Verify that (X, d) is a metric space.

[P SPACE

In R, each element is x = (z1,x9,...,x,), where each z; € R. What if we are
interested in the metric for elements look like x = ( x1,z9,... )7
——

infinite of them

When x = (21,22, ..., ), D5, @7 is finite. However, when x = (x1, 29, ...), Y10y 7

1= 7
is not necessarily finite. We focus on the cases where > > z7 is finite.
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Definition 3 (I* Space)

Define

I? = {(ml,xg,...) | fo < oo}
i=1

And define the metric between x,y € [*:

. 1/2
d<X7 Y) = HX - Y|’2 = <Z ’l’z - yi|2>

i=1

Then, (I?,d) is a metric space. We call it a [* space.

The 2 space can be generalized to a [P space, where p > 1.

Definition 4 (I” Space)

Define

P = {(x17$27 ) Z |z < OO}
i=1

And define the metric between x,y € [?:

0 1/p
d(x,y) = |x =yl = (Z |2 — in”>

i=1
Then, (I?,d) is a metric space. We call it a P space.

Exercise 2

Verify that [ space (i.e., the [P space with p = 1) is a metric space.
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OPEN BALL AND CLOSED BALL
Definition 5 (Open Ball)

For a metric space (X, d), an open ball centered at € X with radius » > 0 is
defined as:
Bla,r) = {y € X : d(x,y) <1}

Definition 6 (Closed Ball)

For a metric space (X, d), an closed ball centered at x € X with radius r > 0 is
defined as:

B(z,r)={y € X :d(z,y) <r}

An open ball includes all points strictly within the radius but excludes the boundary
points where the distance to x is exactly r. A closed ball, on the other hand, includes
all points within the radius including those on the boundary.

Note that if we try to visualize an open ball (or a closed ball), it may not look like a
"ball” if we are considering a metric space other than the Euclidean space.

Exercise 3

Let X be R. For any z,y € X, define

d(z,y) = |z = y|

Draw the open ball
B(z =3,7r=2)

Exercise 4

Let X be R2. For any x,y € X, define

d(x,y) =V (z1 — 11)% + (72 — y2)?

Draw the open ball
B(z = (0,0),r =2)
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Exercise 5

Let X be R2. For any x,y € X, define

dx,y) = |21 — y1| + |22 — y2

Draw the open ball
B(z = (0,0),r =2)

Exercise 6

Let X be R2. For any x,y € X, define

d(x,y) = max{|z, — y1|, |2 — 12|}

Draw the open ball
B(z =(0,0),r =2)

Exercise 7

Let X be any set. For any x,y € X, define

o
S T

Write down the sets

and

OPEN SET AND CLOSED SET

After having the definition of open ball, we can define an ”"open set.”
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Definition 7 (Open Set)

Let (X, d) be a metric space. We call V' C X an open set if:
VeeV, dr>0

such that
B(z,r)CcV

In other words, for every point = in the set V', we draw an open ball centered at =z,
and the open ball in entirely inside V.

Definition 8 (Closed Set)

Let (X, d) be a metric space. We call F' C X a closed set if its complement
X \ F is an open set.

Theorem 1

Any open ball B(X,r) is an open set, and any closed ball B(X,r) is a closed set.

The first is easy to see, but the second requires some proof. However, we will skip
the proof in this note.

Exercise 8

Let X be R. For any x,y € R, define d(x,y) = |x — y|. Check if the following
sets are open or closed.

L

As the definition of closed set entails the complement set, one might think that a set
is either open or closed (but not both). However, this guess is not true.
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Exercise 9

Let X be R. For any x,y € R, define d(x,y) = |x —y|. Verify that the following
sets are both open and closed.

1. 0
2. R

Let (X, d) be any metric space. Verify that the following sets are both open and
closed.

1. 0
2. X
Theorem 2

The union of any collection of open sets is always an open set, and the inter-
section of any finite number of open sets is always an open set.

The union of any finite number of closed sets is always a closed set, and the
intersection of any collection of closed sets is always a closed set.

Note that the intersection of an infinite collection of open sets may not be open.
Besides, the union of an infinite collection of closed sets may not be closed.

Exercise 10

For the following two questions, let X be R. For any x,y € R, define d(x,y) =
x—yl.

(1) Consider I,, = (—+,4),n=1,2,....

For any n, is I,, an open set or a closed set (or both)?

Find the intersection of an infinite collection, that is, find N, 1,,. Is it an open
set or a closed set (or both)?

(2) Consider J,, = [£,1 =1 n=1,2,...
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For any n, is I,, an open set or a closed set (or both)?

Find the union of an infinite collection, that is, find U2, J,,. Is it an open set or

a closed set (or both)?

COMPACT SET

For economists, the main goal of learning open ball and open set is to derive the
concept of a "compact” set. A compact set is a set that is "small” in a certain
way, and various theorems in optimization or statistics rely on assuming that we are
analyzing a compact set.

Definition 9 (Open Cover)

A cover of a set A, denoted as F, is a collection of sets whose union includes A.
In math, it means A C F. Or, equivalently,

Vre A, JV € Fsuch that z € V

A cover of a set A, denoted as F, is an open cover if it is a collection of open
sets whose union includes A.

Exercise 11

Consider F = {(2,2)|n =1,2,...}).

(1) Is F a collection of open sets?
(2) Is F an open cover of (0,1)7

Definition 10 (Subcover)

A subcover is a smaller collection of sets from the original cover that still covers
the entire set A.
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Definition 11 (Compact Set)

Let (X, d) be a metric space. A C X.

A set A is called a compact set if every open cover of A has a finite subcover. In
other words,

vV open cover F,3Vq, Vs, ..., V,, € F such that A C U,V

This means that no matter how you try to cover the set with open sets, you can
always find a finite number of those sets that still cover all of A. In other words,
compact sets don’t have "holes” or "gaps” that require an infinite number of pieces
to cover them completely.

Exercise 12

Use the definition of compact, prove that (0,1) € R! is not compact. (Hint:
consider the open cover F = {(%,2)|n =1,2,...})

One important property of a compact set is that it is a bounded set and a closed set.

Definition 12 (Bounded Set)

Let (X, d) be a metric space. A set A C X is called bounded if:

IM > 0 and zy € X such that d(x,x¢) < M for all x € A

Exercise 13

Prove that (0, 1) is bounded.

A bounded set is one where the points don’t stretch out infinitely far from each other.
You can think of a bounded set as one that can be enclosed within a ”box” or ”ball”
of a certain finite size.
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Theorem 3

Let (X,d) be a metric space. If A C X is compact, then A is bounded and
closed.

Generally speaking, the reverse is not always true for all metric space. However, the
reverse is true in an Euclidean space.

Theorem 4: Heine-Borel Theorem

Let (X, d) be a metric space, where X = R"™ and d is the Euclidean metric.

A C X is compact if and only if A is closed and bounded.

Heine-Borel Theorem is the most important one of our lecture today. This theorem is
often how we verify if a set in R” is compact. When we are focusing on an Euclidean
space, we don’t need to verify the compactness via constructing finite subcovering of
any open cover. We only need to verify that the set is bounded and closed.

Exercise 14

Are the following sets bounded? Are they closed? Are they compact?

=W =

CONVEX SET

Next, we introduce another important concept widely used in economics and opti-
mization: convex set.

10
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Definition 13

A set E C R" is a convex set if:

Vx,y € E and X € [0,1] , the point Ax+ (1 — )y € £

Intuitively, the combination Ax 4 (1 — \)y is a point on the section connecting x and
y. A convex set is a set that contains all sections between two points in the set. In
other words, if you can connect two points in the set E, where some parts on the
connecting section is not in the set F, then the E is not convex.

Yy
A+ (1 =Ny
7
Consider any collection of points py,...,p,. The linear combination

Z a;p; = aqpr + - + appp, where Zai =1, a; > 0 for every ¢

=1 i=1

is called a convex combination of points py,...,p,.

11
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CoNVEX FUNCTION

Definition 14 (Convex/concave functions)

Let f: X — R. We say f is a convex function if for any z¢,x; € X, A € [0, 1],
fAzo + (1= Nz1) < Af(wo) + (1= A) f(21).

We say f is a concave function if for any =,y € X, A € [0, 1],
fAzo + (1= Nz1) > Af(w0) + (1 = A) f(21).

We say f is a linear function if f is convex and concave.

If f is a concave function, — f is a convex function. This small trick is frequently used
in programming.

Notice very carefully the difference between a convex set and a convex function. The
level set (e.g., the contour line for f(x,y)) of a convex function is always a convex
set.

R g
R g

convex function concave function

Here is an useful theorem of using derivatives to verify the convexity of a function
f R — R. We will discuss the multivariate case later.

Theorem 5

For a function f : R — R that is differentiable on an interval I, the the function

12
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f is convex if its first derivative is increasing on I. That is,

f(z1) < f'(x2) whenever o1 < 29 € T

For a function f : R — R that is twice differentiable on an interval I, the the
function f is convex if its second derivative is positive on I. That is,

f"(x) >0 Vzel

To verify the concavity of a function f, we can just verify the convexity of —f.

Definition 15 (Quasiconvex/quasiconcave functions)

Let f: X — R. We say f is a quasiconvex function if for any zg,z; € X,
A€ 0,1],
FAzo + (1 = A)z1) < max{f(zo), f(z1)}.

We say f is a quasiconcave function if for any z,y € X, A € [0, 1],

fQzo + (1 = A)z1) > min{ f(zo), f(z1)}-

We say f is a quasilinear function if f is quasiconvex and quasiconcave.

]V

quasiconvex function quasiconcave function

Theorem 6

If f is convex, then it is quasiconvex. If f is concave, then it is quasiconcave.

13
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SOME COMMON INEQUALITIES
Now, we summarize some inequalities commonly used in economics and statistics.
Theorem 7: Jensen’s Inequality in R"

Consider any X, ...,X,, € R", and any A, ..., \, € [0, 1] such that > N\ = L.
This forms a convex combination > | A\;x;. Suppose f is convex.

The Jensen’s inequality states:

f (Z )\ixi> < Z Aif (%)

Jensen’s inequality is basically restating the definition of convex function.

Theorem 8: Cauchy-Schwarz Inequality in R"”

Consider any x,y € R", where x = (x1, ..., z,) and y = (y1, ..., ¥n). The Cauchy-
Schwarz inequality states:

(&) < (57) (£9)

For example, in R!, the Cauchy-Schwarz inequality states (zy)? < z%y>.

Theorem 9: Holder’s Inequality in R”

Consider any x,y € R", where x = (z1,...,z,) and y = (y1, ..., ¥ ). The Holder’s
inequality states:

1 1
S lant < (Yt ) ()
i=1 =1 =1

for all p,q € [1,00) and %—1— % =1.

14
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Note that the Holder’s inequality is a generalization of Cauchy-Schwarz inequality.

Exercise 15

Show that when p = ¢ = 2, the Holder’s inequality implies Cauchy-Schwarz
inequality. (Hint: there is one more step after letting p = ¢ = 2, which involves
o+ 0] < af +0]. )

Theorem 10: Minkowski inequality in R”

Consider any x,y € R", where x = (z1,...,2,) and y = (y1,...,yn). The
Minkowski inequality states:

n % n % n %
(z ot w) i (z |xz-|p) N (z w)
=1 =1 =1

for all p € [1, 00).
Exercise 16

Apply appropriate inequalities to the following questions.

(1) When we have the data x = (21, ...,x,) and y = (y1, ..., yn), we often evaluate
> i (2i—7) (yi—Y)
VI @22/ (i —7)?

their relationship by calculating the correlation coefficient: r =

Prove that —1 <r <1 for all x,y € R".

(2) Prove that (a+b—&:r)2c+d>8 < a8+b8+§(c)8+d8‘

(3) In undergraduate statistics, we learned that the variance of X can be written
as Var(X) = E[X?] — E[X]?. Prove that E[X?] — E[X]? > 0 using algebra (i.e.,
not using the property that Var(X) > 0 directly). For simplicity, consider that
X is a discrete random variable with some p.d.f. P(X).

From (3), you might wonder if E[X?] —E[X]? > 0 also work for a continuous random
variable X. More generally, if the inequalities also work for integrals instead of
summation. The answer is yes, and we will revisit these inequalities in the lecture for
integrals.

15
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Topic 7: Multivariate Derivatives'

KEYWORDS FOR TODAY

Total differentiation, partial differentiation, Jacobian matrix, gradient, total differen-
tial, Hessian matrix

MULTIVARIATE FUNCTIONS

Consider a production function with 3 inputs and 2 outputs:

Fl(y1,y27y3) ] _ [ Y1Y2Y3 ]

F(y17y27y3) - 11—«
F2(?/1,y2>y3)

Y7y
Y3

In such a case, we say F : R® — R? to be a multivariate (real) function with 3
variables, and F', F? here are the component functions of F.

Note that there is a Greek letter o which is not a variable, but it still affects the
function values. In such a case, we call & a parameter, where sometimes we write

F(y1,y2,y3; ).

Consider firstly f : R — R. Apply the linearization we mentioned before:

lim flx+h)— f(x)+ ah _

h—0 h 0

where a is the derivative evaluated at z € I for some interval I C R.

We can extend this observation to multivariate functions.

nstructors: Camilo Abbate and Sofia Olguin. This note was prepared for the 2025 UCSB
Math Camp for Ph.D. students in economics. It incorporates materials from previous instructors,
including Shu-Chen Tsao, ChienHsun Lin, and Sarah Robinson.
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TOTAL DIFFERENTIATION
Definition 1 (Total Differentiation)

Suppose f: R"™ — R™, and f maps an open set £ C R" to R™.
We say f is differentiable at x € £ C R" if:

Ve € E, 3 m xn matrix A(z) such that

L B) = F@) + Al

0
lIAl|—0 |[h]|

where h € R".

In this case, we say the transformation A(z) is the total differentiation of f,
denoted as

Exercise 1

(1) What is the dimension of the 0 in [|h|| — 07 Why is A € R™ but not R™ or
other dimensions?

(2) Write out the definition of total differentiation when m = 1 and n = 1.
Compare it with the univariate differentiation that we studied.

Total differentiation involves finding the differential of a function that depends on
more than 1 variable (e.g., n variables here).

PARTIAL DIFFERENTIATION

We also define another type of differentiation: the partial differentiation.
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Partial differentiation focuses on finding the derivative of a function with respect to
one variable while holding the other variables constant. We call this derivative a

partial derivative.

Definition 2 (Partial Derivative)

Suppose f: R"™ — R™ and f maps an open set £ C R" to R™.

For each © = 1,2,...,n, the partial derivative of f with respect to the ¢-th

component of x = (z1,%s,...,%,) at a point € E is defined as:

flz,. i+ hy oo z) — flo, .o 2., 2y)
h

lim
h—0

The partial derivative of f with respect to z; is denoted as

/ (z) or fi(x).

/1

D;f(z) or 3

Exercise 2

Consider n = 3 and m = 2. What is the dimension of Df(z)? What is the
dimension of D; f(z)? How many partial derivatives are there?

The following theorem links total differentiation to partial derivatives.
Theorem 1

Suppose f: R"™ — R™, and f maps an open set £ C R" to R™.

Then, f is differentiable at x € E if and only if each of the component function

f* is differentiable at x.
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Furthermore,

Diff(z) -+ Dnf'(z)
Df(z)=| Dif(x) --- Duf(x) | = : ' :

Dyf™(x) -+ Dnf™ ()

We also call the following matrix the Jacobian matrix:

Dift -+ Dyf!
JUf)=|Dif - Duf | = : S

For simplicity, let’s start with the case when m = 1. This is an example to see the
difference between a total differentiation and a parital differentiation.

Exercise 3

Let U : R? — R be a utility function of two goods: coffee ¢ and coffee mate m.

Let U(c,m) = log(c) x log(m), where the consumption of coffee mate is propor-
tional to the consumption of coffee, specifically m = 0.05¢ (i.e., 1 ounce of coffee
mate is consumed with every 20 ounces of coffee).

(1) What is the dimension of the total differentiation DU (¢, m)? Find DU (¢, m).

(2) What is the economic meaning of D.U(c,m) (that is, 8Uécc’m))?

(3) What is the economic meaning of D,,U(c, m) (that is, 8U§§;m))?

DU(e,m) = [D.U(c,m) D,U(c,m)]. Here, D.U(c,m) = w is the marginal
utility of coffee, that is, the additional utility gained from consuming one more unit
of coffee while holding the quantity of coffee mate constant. D,,U(c,m) = %

4
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represents the marginal utility of coffee mate, or the additional utility gained from
consuming one more unit of coffee mate while holding the quantity of coffee constant.

You may think the proper "value” of one more unit of coffee should not be evaluated
holding the quantity of coffee mate constant. After all, I should have increased coffee
mate consumption by 0.05 unit too (because m = 0.05¢). In fact, this idea is captured
by the total differential. We will discuss it later.

Exercise 4
Find the total differentiation DF(y;,ys2,ys) of

F1<yluy27y3) Y1Y2Y3
F(y17y27y3) = = .

Y1Y2

a,l—a
F2<y17 y27y3) y3

Using the definition above, we can find

[ DyFY(y1,y2,y3) D2F*(y1,v2,y3) DsF*(y1,v2,y3)
DF(y17y27y3) =

| DiF*(y1,y2,93)  DaF?(y1,92,93) DsF?(y1, y2,93)

Y2Ys3 Y1Ys3 Y1Y2

() (2) 0-oe)'(2) =
L 71 Y3 Y2 3 v3

Sometimes we denote

D f(x) 88—;1(33’)
V()= : = :
Dy f(x) L ()

as the gradient of f at x. Note that D f(x) and V f(x) are effectively the same thing:
They are just transposes of each others.

If f is real-valued (the codomain is R! but not R™), then V f(z) is the gradient
vector of f at x.
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Gradient has an intuitive interpretation: it represents when we move along each

direction, how much the function value will change. Take a Cobb-Douglas utility
1 2

function u(x,y) = x3y3 as an example. Then we can find

ST

D u(z,y) ] B %(%)
Dyu(xay)

L30)

Hence D,yu(1,1) = 3 and Dyu(1,1) = 2. That is, when we move from (1,1) one
marginal unit toward x, it increases the utility by % units; when we move from (1, 1)
one marginal unit toward y, it increases the utility by % units. And when we move
one unit along both directions, the total utility level adjusted is determined by the

composition from both directions.

vu(ma y) = [

Y

From the graph above of the level curve of the utility function u, you may also
observe another property of the gradient: the gradient of a function is orthogonal to
the level curve. We will apply this fact when we talk about Lagrangian in constrained
optimization.

TOTAL DIFFERENTIAL

The most important application of total differentiation is to determine the total
differential .?

2The terms total differentiation, partial differentiation, and total differential can be very confus-
ing. Make sure you know the definition of these three when you are reviewing them.
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We learned earlier that

Difi(z) - Duf'(a)
Df@w) = Difx) - Duf@)]=| = .
Dif"(x) - Dof™(x)

where © = (21, 2o, ..., ).

In the univariate case, if we want to find how f(z) responses to small changes in the

input variable x, we can calculate %.

In the multivariate case, we may also want to find how f(z) responses to small changes
in the input vector x. To do this, let’s observe what would happen if we multiply

Df(x) by dz. Note that dx = (d,dxs, ..., dz,).
If we exploit the notation:

df (r) = Df(z)dx = Dy f(x)dxy + Dof (x)dxy + - -+ + D, f(x)dz,,
then we can write the change of f into the changes in each variable.

Moreover, when we want to find the comparative static with respect to z; only (but
not the vector z), we can calculate

df ()
d&?l

d dz,,
=D, f(z) + sz(x)d—z S an(x)dixl.

In other words, when we are evaluating the effects on a small change in x; on f(z),
we need to consider not only the direct effect (D; f(x)) but also the indirect effect of
x1 on other variables.

Exercise 5

Let U : R? — R be a utility function of two goods: coffee ¢ and coffee mate m.

Let U(c,m) = log(c) x log(m), where the consumption of coffee mate is propor-
tional to the consumption of coffee, specifically m = 0.05¢ (i.e., 1 ounce of coffee
mate is consumed with every 20 ounces of coffee).
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(1) Write out again the D.U(c,m) (that is, aUg;,m))'

(2) Write out the formula of %. What is the economic meaning of —dUElCC’m)?

What is the economic meaning of each term?

(2) Find W. Compare it with D.U(c, m). Is one of them always greater than
another (assume ¢, m > 1)? If so, why?

To find the total derivative dUg;’m), we must account for the fact that m depends on

¢ through the relationship m = 0.05¢:

Wem) U de  9Udm
de  9c de  Om  dc

We already found in the previous question that:

OU _log(m) - 0U _ log(e)
oc c om m
Also, since m = 0.05¢:
dm
= 0.05
Thus, the total derivative is:
dU(c,m) _ log(m) L+ log(c) . 0.05
dc c

e The term % captures the overall rate of change in utility with respect to

coffee, accounting for both the direct effect of consuming more coffee and the
indirect effect through changes in the consumption of coffee mate.

log(m)

e The term %

in m with c.

e The term captures the direct impact of increasing c.

-0.05 captures the indirect effect due to the proportional increase

The total derivative is greater (when ¢, m > 1) because it includes the indirect effect
of consuming more coffee mate when having more coffee.
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MULTIVARIATE CONVEX FUNCTION

Recall that we defined the convex function:

Definition 3 (Convex function)

Let f: X — R. Wesay f is a convex function if for any x¢,z; € X, A € [0, 1],

fAzo+ (1= N)z1) < Mf(zo) + (1= A) f(a).

And we have studied that when X = R, there is a way to use derivative to verify if
a function in convex (if derivative exists).

Theorem 2

For a function f : R — R that is differentiable on an interval I, the the function
f is convex if its first derivative is increasing on I. That is,

f'(z1) < f'(xz2) whenever z1 < 29 € T

For a function f : R — R that is twice differentiable on an interval I, the the
function f is convex if its second derivative is positive on I. That is,

f"(x) >0 Vzel

How about X = R"? Is there a corresponding way to verify that a function in convex?
The answer is yes. Analogous to the condition f”(x) > 0 in the univariate case, the
verification of convexity depends on second order derivatives.

Definition 4
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Let f is twice-differentiable. Then the Hessian matrix is defined as

92 92

Duf -+ Dinf (amf)2 o 8:1:18];n
Hy=J(Vf) = : : = : :
2 2

Duif -+ Dupnf 890(1(’{961 o (3890752

Exercise 6

Let U(c,m) = log(c) x log(m), where the consumption of coffee mate is propor-
tional to the consumption of coffee, specifically m = 0.05¢ (i.e., 1 ounce of coffee
mate is consumed with every 20 ounces of coffee).

Find the Hessian matrix for U(e, m).

When taking partial derivatives, the order does not matter.

Theorem 3: Young’s theorem

Let f: R™ — R™ be twice-differentiable. Then

2 f 02 f

&Ei@x]— N 8l’j8$Z

forany 7,7 =1,...,n.

Theorem 4

Suppose f : R"™ — R is differentiable in an open set X C R".

f is convex (concave) in X if and only if the Hessian matrix of f is positive
(negative) semi-definite at every point x € X.

Similarly, f is strictly convex (concave) in X if and only if the Hessian matrix
of f is positive (negative) definite at every point x € X.

10
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Note:

1. A matrix is positive definite if all the leading principal minors are positive.

2. A matrix is positive semi-definite if all the leading principal minors are non-
negative.

3. A matrix is negative definite if all the leading principal minors of the matrix al-
ternate in sign, starting with a negative sign.

4. A matrix is negative semi-definite if all the odd-order principal minors are non-
positive, and all the even-order principal minors are non-negative.

We have a similar second-order test for quasi-convex/concave functions. We first
define the bordered Hessian matrix of a twice differentiable function f,

[ 0 Dif - Duf |
= | PP P
L an Dnlf Dnnf ]

It is exact the Hessian matrix of f with a “border” of first derivatives.

Theorem 5

Suppose [ : R"™ — R is differentiable in an open set X C R".

Let H be the bordered Hessian matrix of f and H; be the i-th order leading
principal minor of H.

Then, Vx € X,

e f is quasi-convex if det(H;) < 0 for i > 2.

e f is quasi-concave if det(H;) < 0 for all even i and det(H;) > 0 for all even
1 for all odd 7 > 3.

e f is strictly quasi-convex if det(H;) < 0 for i > 2.

e f is strictly quasi-concave if det(H;) < 0 for all even i and det(H;) > 0 for
all even ¢ for all odd 7 > 3.

11
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Exercise 7

Determine whether the following functions are convex/concave/quasi-convex/quasi-
concave.

L f(z,y) =a2*+y°
2. g(z,y) =y

One can solve that

20 01
H; = and H, = ;
0 2 10
where H is positive semi-definite (in fact it is positive definite) and H,, is indefinite.
Hence, f is convex (and not concave). g is neither convex nor concave.

The bordered Hessians of f and g are

0 22 2y 0 vy =
Hiy=|2c 2 0 and Hy=|y 0 1],
2y 0 2 z 1 0
and the determinants of the leading principal minors are
det(Hy,) = —4y* <0, det(Hy,) = —8z* — 8y> < 0,

det(H,,) = —2* <0, det(Hy,) = 0.

Hence both f and g are quasi-convex.

12



