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Evaluating Estimators

What properties should we consider when evaluating

estimators?
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Evaluating Estimators

Low biagc
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Bias of an estimator

Definition: Bias of an estimator GA,, of 0:

Bias(d,) = E[d,] — 0
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Example: Variance Estimators

Two estimators for o2:
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Example: Variance Estimators

Two estimators for o2:

1 . 1 _
2 _ N 2 A2 = I vAY:
Sp =1 §I:1j(x, X, on = §IZli(x, X)
0.2
Bias(S?) = 0, Bias(52) = —
20" 2(n—1)0*
Var(5?) = il’ Var(62) = (n p )o
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Mean Squared Error (MSE) — Key Facts

Definition: A A
MSE(0) = ]E[(9 — 0)2]
Key Points:

@ Measures the average squared difference between an estimator 0
and the true parameter 6.
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Mean Squared Error (MSE) — Key Facts

Definition: A A
MSE(0) = ]E[(9 — 0)2]
Key Points:

@ Measures the average squared difference between an estimator 0
and the true parameter 6.

@ Lower MSE = estimator is closer to the true value on average.
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Mean Squared Error (MSE) — Key Facts

Definition: A A
MSE(0) = ]E[(9 — 0)2]
Key Points:

@ Measures the average squared difference between an estimator 0
and the true parameter 6.

@ Lower MSE = estimator is closer to the true value on average.
@ Penalizes large errors more heavily due to squaring.
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Mean Squared Error (MSE) — Key Facts

Definition: A A
MSE(0) = ]E[(9 — 0)2]
Key Points:

@ Measures the average squared difference between an estimator 0
and the true parameter 6.

@ Lower MSE = estimator is closer to the true value on average.
@ Penalizes large errors more heavily due to squaring.

@ Can be decomposed into a formula involving variance and bias.
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Mean Squared Error (MSE)

Show that the Mean Squared Error (MSE) can be expressed as:

MSE(f) = Var(0) + [Bias(é)} 2
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Mean Squared Error (MSE)

Show that the Mean Squared Error (MSE) can be expressed as:
R . A2
MSE(A) = Var(d) + [Bias(e)}
Recall:

Var(d) = E[(9 — E[])’].

Bias(0) = E[A] — 0.
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Should we use this to decide between S2 and 527

0.2

Bias(S?) = 0, Bias(52) = —
20" 2(n—1)0*
Var(S?) = il’ Var(6?) = (n p )o
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Convergence in Probability

Let Uy, U, - - - be a sequence of random vectors. This sequence
converges in probability to a random vector V if for any € > 0:

lim P<||U,, ~ V|| < g) ~ 1.

Alternatively, we write U, PV,
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Weak Law of Large Numbers

Let {Xy,---,X,} be a random sample and let X be a random vector
with the same probability distribution as X;'s.
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Weak Law of Large Numbers

Let {Xy,---,X,} be a random sample and let X be a random vector
with the same probability distribution as X;'s.
Assume that E[X] < co. Define X, = 23" | X;. Then for every

>0, B
nIer;O P(||X, —E[X]|] <) =1.
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Weak Law of Large Numbers

Let {Xy,---,X,} be a random sample and let X be a random vector
with the same probability distribution as X;'s.
Assume that E[X] < co. Define X, = 23" | X;. Then for every

>0, B
nIer;O P(||X, —E[X]|] <) =1.

That is, X, converges in probability to E[X]. This is known as the
weak law of large numbers.
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More on Convergence

Suppose Y, — Y and Z, -2+ Z. Then
Q cY, 25 cY whereceR
QVv,+2, L vy+2Z

QVv,Z vz
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More on Convergence

Let {Xy,---,X,} be a random sample. Let QA,,(Xl, -+, X,) be an
estimator for the parameter 6, based on a sample size n. Then 0, is a
consistent estimator for ¢ if

0, L0
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Central Limit Theorem

Let {Xy,---,X,} be a random sample and let X be a random vector
with the same probability distribution as X;'s. If E[XXT| < oo,

i=1

i (% ixi _ ]E[x]> ~ N(0, )
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Central Limit Theorem

Let {Xy,---,X,} be a random sample and let X be a random vector
with the same probability distribution as X;'s. If E[XXT| < oo,

i (% ixi _ ]E[x]> ~ N(0, )

where ¥ = E[(X —E[X])(X — E[X])T} and ~ is short-hand for
“distributed in the limit.”
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Central Limit Theorem

Jn (717 ixi _ ]E[x]> ~ N(0, %)

i=1

Note that from our WLLN, "7 | X; — E[X] will converge in
probability to zero. It converges at rate \/n, however, so by
multiplying by 1/n, we “grow” this value at the same rate it
“shrinks,” thus ensuring we get a distribution instead of a simply zero.
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